Abstract. The size of the base of deformations of curves acted fiberwise by groups that exceed the classical Hurwitz bound is studied. Under the assumption that curves can be not trivially deformed together with the automorphism group the bounds for the automorphism group in positive characteristic are improved.
Introduction
In the moduli space of curves of genus g, curves with automorphisms are rare. Indeed, it is known that they correspond to singularities of the moduli space, therefore curves without automorphisms form an open dense set in the Zariski topology of the moduli space M g .
Let X be a curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p ≥ 0. If the characteristic p of the field k is zero, then the order of the automorphism group Aut(X) is bounded linearly by the the genus, in terms of the classical Hurwitz bound [8] :
|Aut(X)| ≤ 84(g − 1).
If the characteristic p is greater than zero, then the above bound does not hold. H. Stichtenoth [13] after a detailed study of the ramification in the Galois extension X/X G , proved that the automorphism group of a curve X in characteristic p is bounded by |Aut(X)| ≤ 16g 4 , with only one exception, namely the isomorphism class of Fermat curves x n + y n + z n = 0, where n − 1 = p h is a power of the characteristic [11] . H.W. Henn [7] proved that if we have
then there are only four cases for the isomorphism classes that exceed the above bound, which are explicitly described. Moreover, in a footnote he also states (without providing a proof) that his result can be sharpened to
with only five distinguished exceptions. It is natural to expect that the bigger the automorphism group is, the smaller is the set of curves with given automorphism group. For instance, up to isomorphism there is a unique curve of genus g such that |Aut(X)| > 16g 4 , and Henn provides us similar results.
Let X → B be a family of curves of genus g ≥ 2, such that the fibres are not isomorphic, admitting G as a subgroup of the automorphism group of each fibre. By the definition of the coarse moduli space M g , such a family maps the base B to an algebraic subset of M g . A measure of the size of curves with given automorphism groups is given by the dimension of the image of B. In this paper we will prove that curves defined in positive characteristic that exceed Hurwitz bound can be deformed along at most one dimensional base sets B, and if we exclude isolated curves, i.e. curves that cannot be deformed, then the bound can be improved.
On the other hand S. Nakajima [12] observed that for the dense subset, in the moduli space of curves of genus g ≥ 2, of ordinary curves the bound of Stichtenoth can be improved to the following bound:
and posed the conjecture, that the bound is actually a polynomial in √ g of degree 3. Nakajima's conjecture was proved for the class of Mumford curves, in a joint paper of G. Cornelissen, F. Kato and the author [4] . More precisely if X is a Mumford curve of genus g ≥ 2 then the following bound holds:
In this paper we will prove: 
Deformation Theory
From now on, by a curve we will mean a projective non-singular curve of genus g ≥ 2 defined over an algebraically closed closed k of characteristic p ≥ 0. By a deformation of a curve X over a base scheme B, we mean a proper flat family X → B, together with a point P : Speck → B, such that the fibre X P := X × B Speck is isomorphic to the original curve X.
We will restrict our attention to the local case, i.e., we will assume that B = SpecR, is an affine scheme over a local ring R.
If G is a subgroup of the automorphism group of X, then a G-deformation is a deformation with the additional property that G acts fiberwise on the fibres of X → B. In other words we might think the fiberwise action as a group scheme G over B such that every fibre G × B Speck is isomorphic to G, and G × B Speck acts on X × B Speck for every point P : Speck → X , i.e. a representation
morphism of B-group schemes is defined. Remark: Suppose that B = SpecR, where R is a local ring, and denote by X η the generic fibre of the family X → B. P. Deligne and D. Mumford in [5, lemma I.12] proved that every automorphism of the generic fibre can be extended to an automorphism of the special fibre. By definition G < Aut k (X η ) so ρ is actually an isomorphism.
In the equivariant deformation theory, we consider two G-deformations X i , i = 1, 2 to be equivalent, if and only if, there is a B-isomorphism
that is compatible with the G-actions on X i . The tangent space D gl (k[ε]) of the functor D gl of infinitesimal equivariant deformations, can be computed in terms of Grothendieck's equivariant cohomology [3] . In this paper we are interested, for the size, in the moduli space of curves with a given automorphism group G, so the equivariant deformation approach is not suitable. Let X i → B be two deformations of X, with fibrewise action G, on them.
We will consider X 1 to be equivalent to X 2 if and only if they correspond to the same algebraic set on M g , i.e., if and only if there is a B-isomorphism X 1 → X 2 . We might assume that such an isomorphism reduces to the identity when it is restricted to the special fibre of the deformation.
We will denote by F 0 the functor from the category C of local Artin algebras to the category of sets Moreover for every wild ramification point b i , we will denote by G bi the decomposition group, acting on the local ring k [[t] ], where t is a local uniformizer of the curve X at point b i . We will denote by D G b i the deformation functor:
   Let G be the automorphism group of the curve X and let X i → B, i = 1, 2 be two G-deformations of the curve X, with G acting fiberwise on X i , in terms of the representation morphisms:
We consider a B automorphism φ : X 1 → X 2 , not necessarily compatible with the G-action. The isomorphism φ, induces a conjugation action on X 1 , in terms of the representation ρ 2 by taking:
We observe that for every g ∈ G the map φ −1 ρ 2 (g)φ defines a B-automorphism of X 1 , and the map
defines an automorphism of the group scheme G. The representation φ −1 ρ 2 φ = ρ 1 if and only if the isomorphism φ is G-equivariant.
Lemma 2.1. Let s : A → X 1 be a B-point of the deformation X 1 and let {ρ 1 (G)(s) = {ρ 1 (g)(s) for all g ∈ G} be the orbit of P under the ρ 1 action. The isomorphism φ transforms orbits into orbits, i.e.,
Corollary 2.2. If s : B → X 1 is a fixed section of ρ 1 (G) then φ(P ), is a fixed section of ρ 2 (G), and vice versa. Moreover, the ramification filtrations at the intersection of the sections P and φ(P ) with the special fibre, are the same.
Corollary 2.1 implies that if the deformations X i → B, i = 1, 2 are isomorphic then the following diagram is commutative:
Thus deformations of X , that have a G-fiberwise action correspond to deformations of the quotient curve Y , i.e., the special fibre of Y. Remark: It is an interesting question, whether this construction can be done in terms of a morphism of the global deformation functors, of the couple (X, G) and (Y, {Id}). This question is answered by J. Bertin and A.Mézard in [1] , under sufficient conditions by extending a result of N.Katz and B.Mazur [9] . For our needs, i.e., for an estimation of the dimension of possible deformations, the study of the tangent space of the deformation functors is enough. The tangent space D gl (k[ǫ]) to the global deformation functor corresponds to Grothendieck's equivariant cohomology H 1 (G, X, T X ). Moreover, the tangent space is given in terms of the following short exact sequence [2]:
) corresponds to deformations of the quotient curve Y that can be lifted to G-deformations of X.
The other component [10] .
Proof. The isomorphism φ induces an outer automorphism φ −1 ρ 1 (g)φ of the group scheme G that restricts to the identity when restricted to the special fibre. Since G acts fiberwise on the deformations X i we have that the induced outer automorphism of G bi leaves Π k[ǫ],k and G bi invariant. It is known that the outer automorphisms of a semidirect product A ⋊ H that leave A, H invariant correspond to the group cohomology
, and by forming the product of all such elements we obtain a tangent vector to the tangent space of the local deformation functor.
sending a G-deformation to the corresponding deformation by forgetting the G-structure and also a forgetting map
The above maps fit to the following commutative diagram, where the first row comes from the low degree terms of the Leray spectral sequence [15, 5.8.6] :
The cohomology group H 0 (Y, R 1 π * T X ) vanishes since the map π : X → Y is affine [6, Exer. III 8.2]. Let α i ∈ H 1 (X, G, T X ) be the cohomology classes corresponding to the deformations X i , i = 1, 2. All cohomology groups are k-vector spaces so the above exact sequences split. Therefore α i = β i ⊕ γ i where i = 1, 2 and
Rigid Curves
We have proved so far that the summand H 0 (Y, R 1 π G * T X ) does not change the equivalence class of deformation in the moduli space M g .
Let X → X/G = Y be a Galois cover of curves ramified at r points b 1 , . . . , b r with orders of the groups appearing at the ramification filtration at point b k given by
Let D X/Y be the different of the above extension, i.e., the divisor
where d k is given by Hilbert's formula [14, III.8.8]:
and by δ = r k=1 δ i . The dimension of the deformation space is given by [10] 
H. Stichtenoth [13] proved that if |G| > 84(g − 1) then g X/G = 0 and r = 3. In this case the Riemann-Hurwitz formula [14, III.4.12] implies:
As Stichtenoth did, we distinguish the following cases:
1. In the cover X → Y only three points are ramified with corresponding contributions to the different: δ 1 = δ 2 = 1/2, δ 3 > 1. We assume that |G| > 84(g−1) then we have 1 42
so ⌈δ 3 ⌉ = 2 and by (2) the deformation space is one dimensional. 2. Assume that only 2 points in the cover X → Y are ramified, and they are wildly ramified, with corresponding contributions to the different δ 1 , δ 2 . Assuming that |G| > 84(g − 1) we arrive as before to
Since the dimension of a vector space cannot be negative, at least one of δ 1 , δ 2 , say δ 1 , must be greater that 1. Assume that δ 1 − 1 > 0 so
If δ 2 > 1, then by the same argument ⌈δ 1 ⌉ < 2 and the deformation space is one-dimensional. If, on the other hand, δ 2 < 1 then δ 1 < 3 and the deformation space is zero dimensional. 3. Assume only one point is ramified in the cover X → Y and ramifies wildly.
If |G| > 84(g − 1) then 1 42 > δ − 2 ⇒ ⌈δ⌉ = 3, and the deformation space is zero dimensional. 4. We assume that two points of X/G are ramified, one is tamely ramified with ramification index e and contribution δ 1 = 1 − e then e < 42/41 a contradiction since e ≥ 2. Thus ⌈δ 2 ⌉ = 2 and the deformation space is zero dimensional.
We are now able to prove the main theorem of the paper: if |G| > 84(g − 1), then X/G is of genus 0 and for the ramification of the cover X → X/G = Y one of the cases 1-4 of the previous paragraph applies. The desired result follows by the computation of the dimensions of the deformation spaces and by the Hauptsatz [13, p.535] . Indeed, the deformation space H 1 (Y, π G * (T X )) can be one dimensional only in the cases 1 and 2, and in these cases the automorphism group is bounded by 24g 2 . If X is an ordinary curve then the last two cases in the proof of Nakajima [12, proof of Prop. 1] do not occur, and the automorphism group group is bounded by 6(g − 1)(2g − 1)
